Spin 1 particle is treated in presence of the Dirac magnetic monopole. Separation of the variables is done in the matrix 10-component Duffin-Kemer-Petiau wave equation. In the radial equations, the nonrelativistic approximation has been performed, there arise system of three second order interrelated differential equations, associated with spin 1 particle in the Pauli description. These three equations can be disconnected with the use of special linear transformation making the mixing matrix diagonal. As result, there arise three separated differential equations which contain routs A k of cubic algebraic equation as parameters. The algorithm permits extension to the presence of additional external spherically symmetrical fields, the Coulomb and oscillator potential are considered in detail. For both cases, there are found three series of energy spectra of the spin 1 particle, ǫ = ǫ (A k , j, n). Special attention is given to states with minimal value of total conserved moment j.
Introduction
Spin significantly influences on behavior of quantum-mechanical particles in the field of Dirac monopole -see [1, 2] . Till now, mainly the particles of spin 0 and 1/2 were investigated. The case of Dirac particle exhibits existence of very peculiar solutions which can be associated with bound states of the particle in the external magnetic monopole field, existence of similar states for spin 1 particle was demonstrated in [8] ). However, other solutions for spin 1 case were not constructed.
The progress in the study of spin 1 theory in presence of the Dirac monopole can be reached when using the non-relativistic approximation. Besides, it is possible to take into account additionally Coulomb and oscillator potentials,
2
Separation of the variables in DKP-equation
Spin 1 particle in monopole potential will be treated on the base of the matrix approach in the frames of the tetrad formalism (see notation in [7] ); the DKP equation reads (we use the spherical tetrad [8] ) Parameter k = eg/ c is quantized according to the Dirac rule [1] : | k |= 1/2, 1, 3/2, 2, ... It is convenient to use so-called cyclic representation for DKP-matrices [8, 9] ; correspondingly, the third projection of spin iJ 12 has a diagonal structure The components of the total conserved moment [1] in spherical tetrad are determined by the formulas [8] :
where a = 1 2 (j + k − 1)(j − k + 2) , b = 1 2 (j − k − 1)(j + k + 2) , c = 1 2 (j + k)(j − k + 1) , d = 1 2 (j − k)(j + k + 1) .
From (2.1), it follows the radial system
Pauli criterium [8] allows for j to take values (we are to examine separately the value k = ±1/2 and all remaining ones k):
In both cases, states with j =| k | and j =| k | −1 should be treated with special caution, because system (1.4) is meaningless in theses cases. Let us turn to states with j =| k | −1. For states with j = 0 (it is possible when k = ±1), the corresponding wave function does not depends on the angular variables θ, φ. Let it be k = +1 and j = 0, then the initial substitution is Φ (0) (t, r) = e −iǫt ( 0, f 2 , 0, 0, f 5 , 0, 0; f 8 , 0, 0 ) .
It is readily checked that the angular operator Σ θ,φ acts on Φ (0) as zero operator: Σ θ,φ Φ (0) = 0. This results in only three nontrivial radial equations
From whence it follows
and for F 2 (r), determined by substitution f 2 (r) = r −1 F 2 (r), we get the following equation
It is exactly the same equation which arises in the electro case in similar situation [8] .
The case of j = 0, k = −1 can be treated in similar manner. The initial substitution is As result, we derive With the use of recurrent relations [9] 
we derive Σ θ,φ Φ (0) = 0 .
Therefore, radial system for f 2 , f 5 , f 8 must coincide with (2.8). The case j =| k | −1 with negative k looks similarly:
k ≤ −3/2, Φ (0) = e −iǫt ( 0, 0, 0, f 4 D k+1 , 0, 0, f 7 D k+1 , 0, 0, f 10 D k+1 ) ; (2.14)
the identity holds Σ θ,φ Φ (0) ≡ 0 again, and the radial system coincides with (2.11). Thus, all states with minimal values j, j =| k | −1, lead to the simple solutions of exponential form. Till now, they are only states which are treatable and solvable analytically.
To proceed further in the next section, we will perform nonrelativistic approximation in the radial system, after that the problem arising can be solved exactly.
Pauli approximation
Let us employ the method of producing non-relativistic equations previously used in [8] . First, in (1.4) let us separate four equations which permit to exclude non-dynamical variables
From remaining six equations, multiplied by M :
one exclude the variables (3.1):
After that, let us us translate equations (3.3) to the more symmetrical notation
thus we derive
Big Ψ j and small ψ j constituents are introduced by the linear relations [8] :
After regrouping the above equations (3.5) in pairs, and in the same time separating the rest energy with the help of formal change ǫ = M + E, we get
Let us consider the pair (3.7):
translating it to the big and small components
and regrouping the terms we arrive at
Subtracting the second equation from the first, we obtain
this equation contains only big components and represent one of equations in the Pauli approximation. Let us consider eqs. (3.9):
Translating them to the big and small components (and separating the rest energy)
after some regrouping the terms we have
Subtracting the second equation from the first, we get
it is the second differential equation in the Pauli approximation. Finally, let us consider the pair (3.8):
They give
Subtracting the second equation from the first, we produce
from this we arrive at
It is the third equation of the Pauli system.
Solutions of the radial Pauli equations
No we are to examine radial system in the Pauli approximation
It is convenient to introduce the shortening notation
then system (4.1) is written as
the nonrelativistic wave function is determined by the relations
To solve the system (4.2), we are to diagonalize the matrix A. Equations for determining corresponding transformation S and diagonal elements A 1 , A 2 , A 3 have the form Thus, we get three homogeneous linear systems of one the same structure:
Diagonal elements coincide with the roots of the cubic algebraic equation
With shortening notation
The roots obey the algebraic identity
from whence it follows
Making the change of the variable
we obtain the cubic equation in a reduced form
where
Note that
and expressions for p and q cab be presented simpler:
Let us write down some results of numerical calculation for the roots A 1 , A 2 , A 3 at different j: It is seen that all these values are real and positive.
In general, properties of the roots are determined by the sign of the discriminant D:
When D < 0, all the roots must be real-valued. Discriminant can be presented as
The sign of this parameter D can be verified , with the use of simple substitutions:
Due to inequality D < 0, the reduced cubic equation has only real roots. Their analytical form can be found in a standard way. Indeed, let introduce two auxiliary quantities
then the roots of reduced equation are given by
(4.14)
In turn, the roots A j are determined by the formulas
Let us turn back to (4.4). The matrix S ij is determined by 9 equations (in fact, each sub-system contains only two independents equations) : Let us omit the third equation in each sub-system and set
this results in
will reduce the radial system to the diagonal form
Because equations in (5.4) are not connected with each other, one can study three linearly independent solutions as
(5.5)
One can turn back to the initial basis, then constructed solutions will look as follows
Thus, the problem has been reduced to the second order differential equation of the general form
Note that positive roots A = A 1 , A 2 , A 3 ensure existence of positive values for parameter L (upper sign in (5.8)).
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The case of minimal j
Let us turn to the system (2.8)
To make non-relativistic approximation, one excludes nondynamical component H 1 :
Now, introduce big and small components, we obtain
Subtracting the second equation from the first
we get the needed nonrelativistic equation
Special solution in the relativistic case which could be associated with a bound state at 0 < ǫ < M , now in the nonrelativistic approximation takes the form (remember that ǫ = M + E) associated with the bound state as well
Vector particle in presence of the Coulomb field
The above formalism permits allowing for the Coulomb potential -it is reached by one formal change in the differential equation (5.7) as shown below
Near the point r = 0, possible solutions behave in accordance with the relationships
To describe bound states, from two possibilities f ∼ r L and f ∼ r −L−1 , one must use the first
At infinity, solutions associated with bound states behave according to
Now, let us construct exact solutions of the equation (7.1) in all domain of the variable r. It is convenient to translate the task to the new variable x = √ −2M E r , then it reads
Let us use the shortening notation:
With the use of substitution f = x L e −x F (x) , we arrive at the equation
In the variable z = 2x, it reads
which can be identified with confluent hypergeometric equation z F ′′ + (c − z)F ′ − αF = 0 . Using the polynomial condition, α = −n, n = 0, 1, 2, ...;, we get the quantization rule for energy levels
Taking into account expression for B, we get
There exist three series of energy levels in accordance with existence three possible values for L:
The case of minimal value of j -see (6.3), can be treated in the same manner:
because this equation follows from (7.1) at the formal change L =⇒ L = 0, we obtain solution and energy spectrum straightforwardly:
8 Particle in presence of the oscillator potential
Let us take into account additionally the presence of the oscillator potential -then we have the differential equation
In the new variable x = √ M k r 2 , it reads
Using the substitution f (x) = x a e −bx F (x), from eq. (8.2) we get
At b = +1/2 , a = +L/2, this equation becomes simpler
it is confluent hypergeometric equation for F (A, C; x) with parameters
Quantization condition A = −n leads to the enerhy spectrum
For the minimal value of j we have the following equation
which is solved as follows:
Spin 1 particle in the Lobachevsky space Now, let us extended the above approach to the case of Lobachevsky geometry background. In spherical coordinates of the Lobachevsky space DKP equation takes the form (see the notation in [7, 8] )
where the angular operator Σ k θ,φ is defined as
β a stand for (10 × 10)-matrices of DKP; j ab = β a β b − β b β a ; parameter k = eg/ c is the quantized according to the Dirac rule [1] : | k |= 1/2, 1, 3/2, 2, ...; e and g represent electric and magnetic charges respectively. It is convenient to rewrite eq. (9.2) shorter
Analysis has showed that treatment of the task in Lobachevsky space (even in the nonrelativistic approximation) turned out to be very difficult. However, complete analytical study can be successfully performed if one makes one formal change in the equation (9.3): it is enough to take slightly different equation
Transition from (9.2) to (9.4) can be described trough inserting in eq. (9.3) an additional interaction term 5) where the term is taken as follows
It is helpful to get the form of this term in the Cartesian tetrad gauge. In solving this task we will need Cartesian basis of the DKP-matrices [7, 8] For generators J ab , we have expressions
in turn, this relation can be rewritten as
Now, we should take into account that wave functions in spherical and Cartesian tetrads are referred to each other with the help of the following orthogonal transformation [7, 8] 9) where the matrix S is determined by the formulas S:
Allowing for identities
we derive
It is readily verified that this expression for ∆ Cart (x) can be presented in a more symmetrical way as follows
This term can be interpreted as a special and additional interaction of spin 1 particle with the background geometry of the Lobachevsky space.
Separation of the variables in presence of magnetic monopole
In spherical coordinates and tetrad of the Lobachevsky space let us consider the modified (see previous Section) DKP equation
It is convenient to use so-called cyclic representation for DKP-matrices [9, 10] , where the third projection of the spin , iJ 12 , has a diagonal structure The components of the total conserved moment in the basis (10.1) are determined by the formulas [8] :
In accordance with the general method [8] , wave functions of the particle with quantum numbers (ǫ, j, m) are constructed within the substitution
where symbol D σ stands for Wigner [9] functions D j −m,σ (φ, θ, 0). Below, when producing equations for radial functions f 1 , . . . , f 10 , we will need recurrent relations [9] :
From (10.1), it follows the radial equations
The quantum number j takes the values
The cases of the type j =| k | −1 are special. For instance, let k = +1 and j = 0, then the substitution should be
and further we derive three radial equations
By special substitution, we simplify the problem:
which coincides with equation arising in the flat space [3] . The case j = 0 , k = −1 looks much the same.
Nonrelativistic approximation in radial equations
Let us employ the method of producing non-relativistic equations previously used in [?, 10] . First, in (1.4) let us separate four equations which permit to exclude non-dynamical variables
Excluding these component f 1 , f 8 , f 9 , f 10 from remaining six equations, we get
Let us translate these equations to more symmetrical designations
Big Ψ k and small ψ k components are introduced by the linear combinations [8] )
After regrouping the above equations (11.3) in pairs, and in the same time separating the rest energy with the help of the formal change ǫ = (M + E), we get
Let us consider eqs. (11.5):
After translating them to the big and small components, we obtain
Regrouping the terms we arrive at
Subtracting the second equation from the first, we obtain 11.9) this equation contains only the big components and represent one of equations in the Pauli approximation. Let us consider eqs. (11.7)
Translating them to the big and small components (and separating the rest energy), we get
whence after regrouping the terms we get
Subtract the second equation from the first:
it is the second differential equation in the Pauli approximation. Finally, let us consider eqs. (11.6)
differently they look
Subtracting the second equation from the first, we derive
It is the third equation of the Pauli system. Thus, the complete system of nonrelativistic equations is
With the help of identity
one can translate eqs. (11.13) to a simpler form:
Unfortunately, this system turns to be very difficult for solving, the method used in the flat space [3] cannot be applied here. However, we can solve exactly the case of minimal value of j =| k | −1 in presence of additional Coulomb or oscillator potentials.
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Minimal value of j, Coulomb and oscillator potentials
The case of minimal value j (in presence of magnetic charge) can be solved analytically.
Let us take into account the Coulomb potential [11] -then the main equation looks
In the variable x = 1 − e −2r , with substitution
we get the hypergeometric equation
Quantization rule α = −n provides us with the energy spectrum
In usual units it reads (R stands for a curvature radius of the Lobachevsky space)
Solutions constructed are good only when the restriction below holds
which means that the number of bound states is finite. Now, for states with minimal j, let us take into account the oscillator potential [11] 
Solutions are constructed in hypergeometric functions
To have solutions tending to zero at infinity, one must impose restriction in the form of inequality
In usual units, the energy spectrum reads
the above imposed inequality looks as follows 2n + 3 2
the number of discrete energy levels is finite and governed by the curvature radius. j(j + 1) holds, and the task becomes simpler
In this case, one can diagonalize additionally the space reflection operator
Correspondingly, the system is divided into two ones (consisting of one and two equations):
In the case of sub-system of two equations, let us diagonalize the mixing matrix
so we have two separated equations
The above tree equations are of one the same type; in the variable y = (ch r + 1)/2 they read
where µ = 0, −j − 1, +j. Their solutions are constructed in hypergeometric functions:
To the value y = 1 corresponds the point r = 0; so to get finite at r = 0 solutions, we must take b > 0. Asymptotic behavior at infinity is given by
Therefore, we have constructed real standing wave solutions, regular ar the r = 0.
Spin 1 particle in the Coulomb attractive force
In presence of the external Coulomb field, equations (13.3) and (13.6) take the more complicated form:
The first equation (14.1) turns to be much more simple than two others in (14.2); it is solved in hypergeometric functions and gives the energy levels (in usual units)
Two others can be reduced to the Heun function. Applying only the first of the two conditions of having polynomial solutions (so we do not construct polynomials) we have arrived at yet two series of energy levels:
Polynomial condition α = −n gives
whence it follows
and further we derive the formula for energy levels
In usual units this formula read
) . (14.10)
Let us give some details of deriving the spectra (14.4) and (14.5). In case (14.2), one can use the variable z = th(r/2), eqs. will read
Singular points are z = 0, ∞, ±1; two of them are physical r = 0 (z = 0), r = ∞ (z = +1). In eq. (14.11), let us use a simplifying substitution
At A, B, C taken according to
the last equation becomes simpler
with parameters
Note identity
correspondingly, parameters α, β read
We will use quantization condition in the form (at this we do not arrive at polynomials) β = −n. It turn out that appropriate is the following choice for A, B, C:
then parameters α, β are given by
The quantization rule takes the form
from whence we get the formula for energy levels
In similar manner, eq. (14.12) provides us with the energy levels
Thus we have found three series of energy levels: (14.3), (14.16), (14.17). The presence of n ′ and n ′ /2 is due to the use of different variables in solving respective differential equations, z = th r 2 and x = 1 − e −2r related by quadratical relations:
Spin 1 particle in the oscillator field
In the presence of the oscillator potential, radial equations take the form
and
Let us translate them to a new variable
which results
For equation (15.3) one can use the variable x 2 = y:
then it looks
With substitution F 1 (y) = y a (1 − y) b f (y), we get
Let it be
then we obtain a more simple equation
of the hypergeometric type
To construct solutions associated with bound states, we should take
at this the above parameters read
Polynomial condition has the form α = −n, which leads to
It should be emphasized yet another property of the constructed solutions. Indeed, allowing for the structure of the complete solution 
+ −
We will use the above rule to produce energy spectrum, β = −n. At
it gives
from whence it follows the formulas for energies levels (again let it be N = 1 + j + n) 
Conclusion
The quantum-mechanical particle with spin 1 is explored in the field of magnetic charge. In the relativistic Duffin-Kemmer-Petiau we have separated the variables using the technique of DWigner functions, three quantum numbers ǫ, j, m: energy, the square and the third projection of the generalized total angular momentum, arise. System of 10 radial equations is complex and not amenable to analytical solution. Transition to the nonrelativistic Pauli approximation is performed -the problem is reduced to a system of three differential equations of the second order for three radial functions. The equations in the system can be separated and the problem is reduced to the study of the three ordinary differential equations of the same structure, each of these contains as a parameter a root A k , k = 1, 2, 3 of cubic equation arising in solving the problem of bringing mixing matrix in the system of equations to the diagonal form. The analysis is generalized to presence of spherically symmetric external fields, the presence the external Coulomb field, and the external oscillator potential, are studied in detail. For each case, there are found three series of energy spectra of spin 1 particles ǫ = ǫ (A k , j, n). This consideration is extended to the presence of external spherically symmetrical fields, in particular, Coulomb and oscillator ones. There are found energy spectrum and exact solutions in terms of hypergeometric functions. In the same manner, spin 1 particle is treated in presence of Lobachevsky geometry background in nonrelativistic approximation. After separation of the variables the problem is reduced to the system of second order differential interrelated equations, which cannot be disconnected in presence of the monopole. However, in absence of the monopole field, equations have been solved exactly, for instance, in presence of Coulomb and oscillator potentials. Energy spectra have been found and solutions constructed in terms of hypergeometric and Heun functions. 
